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Abstract 

We consider a system of d coupled non-linear stochastic heat equations in spatial 
dimension 1 driven by c?-dimensional additive space-time white noise. We establish 
upper and lower bounds on hitting probabilities of the solution {u{t , x)}t£R_^.xelQ ,1]^ 
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the Hausdorff dimensions of level sets and their projections. A result of independent 
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1 Introduction 



Let W := {W^ , • • • , W'^) be a vector of d independent space-time white noises on [0 , T] x 
[0,1]. For all 1 < i < d, let 6j : M'^ — > M be globally Lipschitz and bounded functions, and 
a := (cjj) be a deterministic d x d invertible matrix (ellipticity) . 

Consider the system of stochastic partial differential equations {s.p.d.e.^s) 

' ^) = ' ^) + ' + u<t , x)), (1.1) 

for 1 < i < d, t E [0 , r], and x £ [0,1], where u := (ui , . . . ,Urf), with initial conditions 
u{0 , x) = for all x & [0,1], and Neumann boundary conditions 

f^(t,o) = |^(t,i) = o, o<t<r. (1.2) 

ox ox 

Equation (|1.1|) is formal, but can be interpreted rigorously as follows (Walsh |W86j ): 
Let = (W^*(s , x))sg]K^ ,j.g[o,i], i = l,...,d, be independent Brownian sheets, defined 
on a probability space (17, ^,P), and set W = (VF^ . . . , Vl^'^). For t > 0, let = 
a{W{s,x), s £ [0 ,T], X £ [0,1]}. We say that a process tt = {u{t,x), t £ [0 ,T], x £ [0,1]} 
is adapted to {^t) if u{t,x) is ^(-measurable for each {t,x) £ [0,r] x [0,1]. We say that 
u = {ui , . . . , Ud) is a solution of (II. ip if u is adapted to (=^t) and if for i G {1 , . . . , d}, 
t £ [0,r], and X £ [0,1], 

Mj(t,a;)= / / Gt-r{x ,v)y^'^i,jW^ (drdv) + / / Gt-r{x ,v)bi{u{r ,v)) dr dv. (1.3) 
JO ^-^j^ ' Jo Jo 

Here, Gt{x,y) denotes the Green kernel for the heat equation with Neumann boundary 
conditions. See, for example, Walsh |W86j or Bally, Millet, and Sanz-Sole |BMS95j . 

Our goal is to develop aspects of potential theory for the solution to the system of 
stochastic heat equations (|1.1|) . In particular, given A C M"^, we want to determine whether 
the process {u{t , x) , t > 0, x £ [0 , 1]} visits, or hits, A with positive probability. 

Potential theory for single-parameter processes is a mature subject. See, for exam- 
ple Blumenthal and Getoor [BG68j . Port and Stone [PS78j . and DooB |D84j . 
There is also a growing literature on the potential theory for multiparameter processes 
(Khoshnevisan |Kho02j . 

For the linear form of (jl.ll) (6 = 0, o" = Id, where Id denotes the d x d identity matrix), 
results on hitting probabilites have been obtained in Mueller and Tribe |MT03j . In the 
case d = 1, for a particular form of (jl.ip with additive noise (cr = Id, b{u) = for 5 > 3 
and h{u) = cu~^), the issue of whether or not the solution hits has been discussed in 
Zambotti |Z021 IZ03| and Dalang, Mueller, and Zambotti |DMZ06j . 

For non-linear s.p.d.e.'s, a general result was obtained in Dalang and Nualart 
|DN04| . valid for systems of reduced hyperbolic equations on (essentially equivalent 
to systems of wave equations in spatial dimension 1) that are driven by two-parameter 
white noise. In this paper, we will be concerned with obtaining upper and lower bounds on 
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hitting probabilities for the solution of the system (jl.ip . In a forthcoming paper |DKN07j . 
we use quite different techniques from the Malliavin calculus, consider systems of non-linear 
heat equations with multiplicative noise, and obtain bounds that are slightly different than 
those in this paper. 

Let {v{r)}j.^T denote a random field that takes values in W^, where T is some Borel- 
measurable subset of M^. Let v{T) denote the range of T under the random map r i— > v{r). 
We say that a Borel set ^ C M'^ is called polar for v if P{v(T) n A ^ 0} = 0; otherwise, 
A is called nonpolar. Two of our main results are the following. They will be proved in 
Section [H 

Theorem 1.1. Let u denote the solution to (jl.ip on ]0,T] x [0,1]. 

(a) A (nonrandom) Borel set A C M."^ is nonpolar for {t,x) i— > u{t,x) if it has positive 
{d — Q)- dimensional capacity. On the other hand, if A has zero {d — 6) -dimensional 
Hausdorff measure, then A is polar for (t, x) ^ u{t , x). 

(b) Fix t g]0,T]. A Borel set A (1 is nonpolar for x i— > u{t,x) if A has positive 
{d — 2) -dimensional capacity. If, on the other hand, A has zero {d — 2) -dimensional 
Hausdorff measure, then A is polar for x ^ u{t , x). 

(c) Fix G [0 , 1] . A Borel set A C M'^ is nonpolar for t u{t ,x) if A has positive 
{d — A) -dimensional capacity. If, on the other hand, A has zero {d — 4:) -dimensional 
Hausdorff measure, then A is polar for t ^ u{t , x). 

The definitions of capacity and Hausdorff measures will be recalled shortly. 

There is a small gap between the conditions of positive capacity and positive Hausdorff 
measure. In some cases, we know how to bridge that gap. Indeed, the results of Mueller 
AND Tribe |MT03j will make this possible in parts (a) and (b) of the following. This 
reference does not however apply to statement (c). 

Corollary 1.2. Let u denote the solution to (jl.ip . 

(a) Singletons are polar for {t ,x) ^ u{t , x) if and only if d> 6. 

(b) Fix t G ]0 , T] . Singletons are polar for x i— > u{t , x) if and only if d >2. 

(c) Fix X G [0,1]. Singletons are polar for t u{t,x) if d > 4: and are nonpolar when 
d < A. The case d = A is open. 

This corollary is proved in Section \5\ 

Our work has other, "more geometric," consequences as well. For instance, in Corollary 
15.31 below, we prove that if d > 6, then the Hausdorff dimension of the range of the solution 
to (jl.ip is 6 a.s. On the other hand, when d < 6, Corollary 11.21 implies readily that the 
range of the solution to (11. ip has full Lebesgue measure a.s. 

This paper is organized as follows. In Section [2] we present general conditions on an 
M*^- valued random field {v{t , x)) that imply lower bounds on hitting probabilities (Theorem 
12. ip . These conditions are stated in terms of a lower bound on the one-point density function 
of the random vectors v{t,x) and an upper bound on the two-point density function; that 
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is, the density function of {v{t ,x),v{s ,y)) for {t,x) / {s,y) (see conditions Al and A2). 
These conditions also yield information about level sets of the process and their projections 
(Theorem I2.4p . They are related to, but not identical with, the conditions of Dalang and 
NUALART |DN04j . 

In SectionOwe isolate properties of the random field that imply upper bounds on hitting 
probabilities (Theorem l3.ip . and corresponding properties of level sets and their projections 
(Theorem I3.2p . These conditions are implied by sufficient conditions that are often not too 
difficult to check, namely that the one-point density function of the random variables v{t, x) 
is uniformly bounded above and an estimate on L^-moments of increments of the random 
field (Theorem l3.3p . similar to the condition in the classical Kolmogorov continuity theorem. 
These conditions are different from those of [DN04j which made specific use of the structure 
of the filtration of the solution to a hyperbolic s.p.d.e. in M^, and, in particular, of Cairoli's 
maximal inequality for 2-parameter martingales; there is no counterpart to these for the 
stochastic heat equation. 

In Section d] we verify the conditions of Sections [2] and [3] for the solution of the linear 
form of (jl.ip . that is, with 6 = (see Theorem 14. 6p . In order to obtain the best estimates 
possible, a careful analysis of moments of increments and of the determinant of the vari- 
ance/covariance matrix of the (in this case, Gaussian) process {u{t , x)) is needed. This also 
requires a version of the Kolmogorov continuity theorem that is tailored to the needs of 
the stochastic heat equation. This is presented in Appendix [Aj and may be of independent 
interest. 

Finally, in Section [Sj we use Girsanov's theorem to transfer results about hitting prob- 
abilities of the solution to the linear form of (jl.ip to the general form of (jl.ip (Proposition 
15. 2p , and we prove Theorem 11.11 and Corollary 11.21 Some results on capacity and energy 
are gathered in Appendix iBl 

Let us conclude this Introduction by defining the requisite notation and terminology. 
For all Borel sets F C R*^ we define ^{F) to be the set of all probability measures with 
compact support in F. For all integers k > 1 and /i G ^(M'"'), we let //3(/i) denote the 
(5 -dimensional energy of ^u; that is. 



Ip{^,)■.= JJ Kfsi\\x-y\\)f,idx)fiidy), (1.4) 
where denotes the Euclidean norm of x G M'^. Here and throughout. 



r-f^ if /? > 0, 

log(A^oA) if/3 = 0, (1.5) 
1 if /3 < 0, 



K/3(r) := 



where Nq is a constant whose value will be specified later in the proof of Lemma 12.21 

If / : M*^ 1-^ M_i_ is a probability density function, then we will write Ifs{f) for the 

/3-dimensional energy of the measure f{x)dx. 

For all /3 € M, integers k > 1, and Borel sets F C M'^, Cap^(F) denotes the /3- dimensional 

capacity of F; that is. 



Cap^(F) := 



inf Ig(u) 



(1.6) 
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where l/oo := 0. 

Given (3 > 0, the /3-dimensional Hausdorff measure of F is defined by 

{oo oo 
y^{2nf ■.F<z[\B{xi,ri), supri<eL (1.7) 
1^1 i^i J 

where B[x , r) denotes the open (EucHdean) ball of radius r > centered at x G W^. When 
/? < 0, we define Mp{F) to be infinite. 

Throughout, we consider the following parabolic metric: For all s,t E [0 ,T] and x,y E 
[0,1], 

A((t,x);(s,y)) := \t - s\^/^ + \x - y\. (1.8) 

Clearly, this is a metric on which generates the usual Euclidean topology on M^. We 
associate to this metric the energy form 

I^it") ■= jj ^p{Mit,x);{s,y)))fx{dtdx)fx{dsdy), (1.9) 
and its corresponding capacity 



Cap^(F) :-- 
For the Hausdorff measure, we write 



1 

inf I^ifi) 



(1.10) 



J^J^iF) = hm infi V(2r,)^ : ^ ^ M B^{{ti ,Xi) ,n), supn < el, (1.11) 

where B^{{t ,x) ,r) denotes the open A-ball of radius r > centered at {t,x) G [0,r] x 
[0,1]. 

2 Lower Bounds on Hitting Probabilities 

Fix two compact intervals / and J of M. Suppose that {v{t , •T)}(t^2:)g/x j is a two-parameter, 
continuous random field with values in M"^, such that {v{t ,x) ,v{s ,y)) has a joint probability 
density function pt,x;s,y{- , •), s,t & I and x,y & J such that (t ,x) ^ (s , y). That is, 

E[f{v{t,x),v{s,y))] = jj f{a,b)pt,x;s,y{"',b)dadb, (2.1) 

for all bounded Borcl-mcasurable functions / : / x J — > R. We will denote the marginal 
density function of v{t , x) by pt^x- 

Consider the following hypotheses: 

Al. For all M > 0, there exists a positive and finite constant C = C{I,J,M,d) such that 
for all (t , x) G I X J and all z G [-M , M]'^, 

Pt,x{z) > C. (2.2) 
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A2. There exists f3 > such that for all M > 0, there exists c = c{I,J,l3,M,d) > such 
that for all s,t e I and x,y e J with {t,x) ^ {s ,y), and for every zi,Z2 € [— M , M]^, 

Pt,x;s,y{zi , Z2) < -jj^ exp ( jf^ ^'^j^ -^^ . (2.3) 

[A((t,x);(s,y))]^/' \ cA{{t , x) ; {s , y)) J 

Our next theorem discusses lower bounds for various hitting probabilities of the random 
field V. 

Theorem 2.1. Suppose Al and A2 are met. Fix M > 0. 

(1) There exists a positive and finite constant a = a{I, J, P, M, d) such that for all compact 
sets A C [-M ,MY, 

P{u(i"x J)n^7^0}>aCap^_6(A). (2.4) 

(2) There exists a positive and finite constant a = a{J, M /?, d) such that for all t & I and 
for all compact sets AC [—M,M]'^, 

P {v{{t} X J)nA^0}> aCap^_2(^). (2.5) 

(3) There exists a positive and finite constant a = a{I, M, /?, d) such that for all x E J 
and for all compact sets AC. [— M , M]'^, 

P {v{I X {x}) nA^0}> aCap^_4(A). (2.6) 

Before proving this theorem, we need two technical lemmas. 
Lemma 2.2. Fix N > and /? > 0. 

(1) There exists a finite and positive constant Ci = Ci{I, J, (3, N) such that for all a € 
[-N,N], 

(2) Fix a > 0. There exists a finite and positive constant C2 = C2(/,/3,iV) such that for 
allae [-N,N], 

\t-s\'^m ^ ^2K^-(2/a)(a). (2.8) 

Proof. We start by proving (1). Using the change of variables u = t — s (t fixed), v = x — y 
{x fixed), we have 

[I ff ^-a^ / ^{(t,x);{s,y)) 

dt ds dx dy — tttttt: ^ — : 

Jl J I J J J J ^ A/3/2((t,z);(s,y)) 



rU\ r\J\ / 

<4|/||J| / du dv{u^/^ + v)-'^/^ex.p{ 

Jo Jo \ u 



1/2 +. 
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A change of variables [u = a u , v = a v] implies that this is equal to 



Ca^-^ / du 



dv 



(u + v)'^/' 



■ exp 



1 



U + V 



(2.10) 



where r := y^JTl/a^ and m := | J|/a^. Notice that r > ri := y^Jll/N'^ > and m > mi 
\J\/N^ > 0. 
Observe that 



du I dv 



u 



{u + vfl^ 



expf 3— ) < [ du [ dv(u + v)^~2 ex.p( —] . (2.111 

u + vj - Jo Jo V ^ + ^y 



Pass to polar coordinates to deduce that the preceding is bounded above by Ii + l2{r ,m), 
where 



Clearly, /i < C < oo, and if /? 7^ 6, then 



dpp 



2-{/3/2) 



exp(-c//3), 



(2.12) 



dpp- 



2-(/3/2) 



3-(/3/2) 



3-(/3/2) 



3 - {13/2) 



(2.13) 



There are three separate cases to consider: (i) If /3 > 6, then 3 — (/3/2) < 0, and hence 
l2{r , m) < C for all r >ri and m > mi. (ii) If /? < 6, then l2{r , m) < c(\/r^~+m?)^~'^'^/^) = 
Ca^~^ for all r > ri and m > mi. (iii) Finally, if /? = 6, then 



l2{r,m)<C In ^\/r^ + 



In(ri) 



In 



ri 



+ 2 In 



(2.14) 



We combine these observations to deduce that for all /3 > there exists C > such that 
for all a G [— , A^], the expression in (j2.10p is bounded above by 



Ca6-^(/i + /2(r,m)) <cK^_6(a), 

provided that Aq in p.Sp is sufficiently large. This proves (1). 

Next we prove (2). Fix t and change variables [u = t — s] to see that 



(2.15) 



dt / ds 



-aV|t-s|° 



< 2111 



1^1 



Another change of variables [u = a^/"t;] simplifies this expression to 

C7a(2/°)-/3 r dvv~^^l^e~^'''\ 



(2.16) 



(2.17) 
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where r := |/| a Notice that r > ri := |/| N > 0. 
Observe that 



r ^^^-af3/2^-i/v- < h+hir), (2.18) 
Jo 



where 



h:= r dw-'^'^'^e-^'"" , h{r):= r dvv-'''^'^. (2.19) 
Clearly, Ii < C < oo. Moreover, if a/3 ^ 2 then 

„l-{a/3/2) _ l-(a/3/2) 

^^f'-' = 1 - W2) ■ <^-^»' 

As above, we consider three different cases: (i) If af3 > 2, then 1 — (a/9/2) < 0, and hence 
hir) < C for ah r > n. (ii) If a/3 < 2, then hir) < Ca-(2/°)+/3 for all r > ri. (iii) If 
a/? = 2, then 

W=[ln(fl)+fl>.(i)]. (2.21) 

We combine these observations to deduce that for all /? > and a > 0, there exists C > 
such that for all a £ [—N , A^] , the expression in (j2.17p is bounded above by 

C7a(2/-)-/3(/, +/2(r)) < cK^_(2/„)(a), (2.22) 

provided that A'^o in (jl.Sp is sufficiently large. This proves (2) and completes the proof of 
the lemma. □ 

For all a,!^, p > 0, define 

Lemma 2.3. For all a^u^T > 0, there exists a finite and positive constant C = C{a ,1^ ,T) 
such that for all < p < T, 

^aAp) < CK(,_i)/,(p). (2.24) 

Proof. If < 1, then limp^o ^a,i/(/') = Jq dx < oo. In addition, p ^a,i/(p) is 
nonincreasing, so "^a,!^ is bounded on when u < 1. In this case, K(^^_iy,y{p) = 1, whence 
follows the result in the case that v < 1. 

For the case v > 1, we change variables {y = xp~^^'^) to find that 

^aAp)=p-^'''^^'' T^- (2.25) 

Jo i + y 

When u > 1, this gives the desired result, with c = /q^°° dy {1 + y'^)~^ . When = 1, we 
simply evaluate the integral in ()2.23p explicitly: this gives the result for < p < T, given 
the choice of Ko(r) in (jl.Sp . We note that the constraint "0 < p < T" is needed only in this 
case. □ 
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Proof of Theorem \2.1\ We begin by proving (1). Let A C [—M,M]'^ be a compact set. 
Without loss of generality, we assume that Cap^_g(A) > 0; otherwise there is nothing to 
prove. By Taylor's theorem (cf. Khoshnevisan [ Kho021 Appendix C, Corollary 2.3.1, 
p. 525]) this implies that P — 6 < d and A 0. 
There are separate cases to consider: 

Case 1: /3 — 6 < 0. Then Cap^_g(^) = 1. Hence it suffices to prove that there exists a 
finite and positive constant a (that does not depend on A) such that 

P{v(/ X J) n A / 0} > a. (2.26) 

Define, for all z ^ and e > 0, B{z,e) := {y S M*^ : \y — z\ < e}, where \z\ := 
maxi<j<(i \ zj\, and 

Fix z e AC [-M , M]*^. Hypothesis Al imphes that for ah e > 0, 

E[J^{z)] = TTT^ I dt I dx dapt^^{a) 

(2e)'* J I J J JB(z,e) 



(2.27) 



B{z,e) (2.28) 



>C|^II^|, 

where C > does not depend on z. 
On the other hand, A2 implies that 



E[(Je(z))^] = — ^— [ dt [ dx [ ds [ dy [ dzi [ dZ2 Pt,x;s,y{zi, Z2) 
(2ej^" J J J J J J J J JB{z,e) JB{z,e) 

< c [ dt I dx I ds I dy -r——, ^ — ; . 

- h J J J I J J ^ [A((t,x);(s,y))]/3/2 



(2.29) 



The change of variables u = t — s {t fixed) , v = x — y {x fixed) , implies that the preceding 
is bounded above by 

C du dv{u^/^ + v)-f^^^ <C' du^iJif3/2iu^/^). (2.30) 
Jo Jo Jo 

Therefore, Lemma 12.31 implies that for all e > 0, 

E [{Je{z)f] < C / duK^_^2/f3){u^^^)- (2.31) 
Jo 

In order to bound the preceding integral, consider three different cases: (i) If < /3 < 2, then 
1 - 2//3 < and the integral equals |/|. (ii) If 2 < /3 < 6, then Ki_(2/^)(n^/^) = n(i/2)-(/3/4) 
and the integral is finite, (iii) If /3 = 2, then Ko(u^/^) = log(A''o/ti"'^/^) and the integral is 
also finite. This fact, (|2.28p . and the Paley-Zygmund inequality (Khoshnevisan |Kho021 
Lemma 1.4.1, Chap. 3]) together imply that 

P{Je(z) > 0} > C > 0. (2.32) 
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The left-hand side is bounded above by F{v{I x J) n A^^^ ^ 0}, where A^^^ denotes the 
closed e-enlargement of A. Let e | and appeal to the continuity of the trajectories of v to 
find that 

P{t;(/x J)n^y^0} >C>0. (2.33) 

This proves ()2.26|) . 



Case 2: < p-6<d. Define, for all n £ ^{A) and e > 0, 

1 



•^^(/^) = (^y^^^Md^) y/* y^^^iB(.,e)(^(*'^))- (2-34) 

Fix ^{A) such that 

Note that Al implies, as in (|2.28|) . the existence of a positive and finite constant Ci — that 
does not depend on ^ — such that for all e > 0, 



E[Je(M)] >Cl. 

Next, we will estimate the second moment of Let 

1 



Because 



(2.36) 



(2.37) 



(2.38) 



Lemma |2.2( 1) and A2 together imply that there exists a finite and positive constant C2 
such that for all e > 0, 



E 



dt dx ds dy 



dz^ 



dzo 



Ij JB(z,e) JB{z,€) 
X Pt,x;s,y{zi,Z2) (Oe * {Qe * ^J'){z2) 



< C2 1/3-6 (s-e * ^)- 

By appealing to Theorem IB. II in Appendix [Bl we see that for all e > 0, 



(2.39) 



E 



2C2 



< 



(2.40) 



Cap/j_6(A)' 

by (j2.35p . The preceding, (12.36p . and the Paley-Zygmund inequality together imply that 



P{J,(/x)>0}>^Cap^_6(A). 



(2.41) 
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The left-hand side is bounded above by F{v{I x J) n A^^^ ^ 0}, where A^^^ denotes the 
closed e-enlargement of A. Let e | and appeal to the continuity of the trajectories of v to 
find that for all fi £ ^{A), 

P {v{I xJ)nA^0}>^ Cap^_6(A). (2.42) 



Case 3: /3 — 6 = 0. We proceed as we did in Case 2, but use (|2.39p with (3 = 6 and 
Theorem IB. 2 1 in the Appendix to obtain that for all e > 0, 



E 



C 



(2.43) 



< 



Capo(vl) 



This proves part (1) of the theorem. 

We prove (2) similarly. Without loss of generality we assume that Cap^_2(A) > 0. This 
implies that [3 — 2 < d and A^ 0. Again, we need to consider three different cases. 

Case (i): (3 — 2 < 0. We proceed as we did in Case 1, but instead of Je{z), we consider 

1 



{2eY 



dx 1 



J 



[v{t,x)), 



for t £ I fixed. We then use Al in order to obtain 



E 



> C\J\ > 0. 



(2.44) 



(2.45) 



Note that, in this case, the constant C depends on t only through /. We use A2 to bound 
the second moment of J^tiz), that is, 



E 



ilA^))' 



1 



{2efd 



dx dy dzi 

Jj J J JB(z,e) Je 



dzi I dz2Pt,x;s,y{zi,Z2) 
B(z,e) JB{z,e) 



< c 



dvv-P'\ 



(2.46) 



which is finite because < /3 < 2. The rest of the proof follows exactly as in Case 1. 

Case (a): < P -2 < d. We choose e ^{A) such that //3-2(/^) < 2/Cap^_2(A). We 
proceed as we did in Case 2, but instead of Jei^f)-, we consider 



1 



{2eY 



IJ.{dz) 



^B{z,e) 



[v{t,x)), 



for t E I fixed. We then use Al in order to obtain 

E[J.,t(^)] > Ci > 0. 



(2.47) 



(2.48) 
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Finally, A2 and Lemma I2.2l f2) with a = 1 and I replaced by J together imply that there 
exists a finite and positive constant C such that for all e > 0, 



E 



< C//3_2(5e*/U). (2.49) 

The remainder of the proof of (ii) follows exactly as we did for Case 2. 

Case (in): (3 = 2. We proceed as in (ii) and Case 3. This proves part (2) of the theorem. 

We prove (3) by applying the same argument, but instead of Je(/i) and/or (f^^tifJ-), 
consider ^ 



{2eY 



dtl 



B{z,e) 



{v{t,x)), 



for X € J fixed, and use Al, A2 and Lemma 12.2( 2) with a = 1/2 to conclude. 



(2.50) 



□ 





v) 


■={{t,x) 


el xJ : 


v{t,x) = z] , 


sr{z 


v) 


= {t£l : 


v{t , x) = 


= z for some x G J} , 




v) 


= {x £ J 


v{t , x) 


= z for some t G /} , 




v) 


■.= {tel 


v{t , x) - 


= 4, 


££\z 


v) 


:={x £ J 


: v{t,x) 


= z]. 



Theorem 12. II is a result about hitting probabilities of the random sets that are obtained 
by considering various images of v. Next, we describe similar results for other, related, 
random sets. Define 



(2.51) 



We note that (z ; v) is the level set of v at level z, £^{z ; v) (resp. J2r(z ; f )) is the projection 
of ^{z ■,v) onto / (resp. J), and ^xiz ;v) (resp. .if*(z ;t;)) is the x-section (resp. t-section) 
of ^{z;v). 

Theorem 2.4. Assume that Al and A2 are met. Then, for all R > 0, there exists a 
positive and finite constant a = a{I, J, (3, R, d) such that the following holds for all compact 
sets E(^IxJ,F<^I, and G J, and for all z G B{0 , R): 

(1) P{^{z;v)nE ^ 0}>aCapf/^{E),■ 
i2) F{^{z ■,v)nF^0}> aCap(0_2)/4(^); 

(3) P{^(z ■,v)nG^0}> aCap(^_4)/2(G); 

(4) for all x£ J, P{^cciz ; u) n F / 0} > aCap^/4(F); 

(5) for all t G /, P{if*(z ; f ) n G / 0} > aCap^/2(G). 
Proof. We begin by proving (1). Without loss of generality we assume that Cap^/2(^) > 0- 



Choose /i G ^{E) such that /^2(^) - 2/Cap^/2(^)- Fo^' ^ > 0, define 

1 



{26Y 



d / fJ'idtdx)l^^^^^-^{vit,x)). 



(2.52) 
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Then, in accord with Al, there exists a finite and positive constant Ci such that for all 
^l G J^{E) and 6 > 0, 

E[Zs{fi)] > Ci. (2.53) 

On the other hand, A2 guarantees the existence of a finite and positive constant C2 such 
that for ah fj. £ ^{E) and (5 > 0, 

1 

(25)'^'^ J e"^^ ' Je'^^ Jb{z,5) ^ Jb(z,5) 
fj,{dt dx) iJ,{ds dy) 



E 



{Zsifi))"^ = T^n^ / Kdtdx) I ^x{dsdy) j dzi j dz2 Pt,x;s,y 



< Co 



< 



'eJe [A((t,x);(.,y))f/2 
2C2 



(2.54) 



Cap^/2(^)' 



Equations (12.530 and ()2.54p . together with the Paley-Zygmund inequality, imply that 

^2 



P{Z5(/x)>0}>^Cap^/2(i?). 



(2.55) 



The left-hand side is clearly bounded above by 



P U {^{zi;v)nE)y^0\ . (2.56) 

\zieBiz,S) J 

Let (5 I to finish the proof of (1). 

In order to prove (2), define, for all ^ e ^{F), 6 > and z G -6(0, R), 



F JJ 



By Al, we can find a constant C — depending only on (I ,J ,R,d) — such that 

inf inf E[Z5(/i)]>C7. (2.58) 

(5>0 /^e^(-F) 

On the other hand, let gs be as defined in (j2.37p with e replaced by 5. By A2, there exists 
C — depending only on {I , J , (3 ,R, d) — such that for all 5 > and /u G ^{F), 



E 



(Zsin))'^ = I iJ,{dt) I dx I n{ds) I dy I dzi I dz2 



If Jj Jf Jj Jr Jm. (2.59) 

X gs{zi - Z)gs{z2 - z) pt,x;s,y{zi ,Z2). 

Since 

where '$a,u{p) is defined in (j2.23p . we see that 



E 



{Zsifl)^ < C / ll{dt) I fl{ds) I dzi I dZ2 



(2.61) 

X gs{zi - z)gs{z2 - z) -^\jip/2{\t - sf'^). 
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Since the two dzj-integrals are equal to 1, Lemma 12.31 implies that there exists a constant 
C such that for ah fj, £ ^{F) and 5 > 0, 

E\{Zs{^^)f] <C [ i,{dt) [ i,{ds)K,^^2/i3){\t-sf/^) 

L ^ J F J F (2.62) 

An application of the Paley-Zygmund inequality implies statement (2) of the theorem. 
In order to prove (3), we consider instead /i G 3^{G) and 

= I'^dt l^^^g^{v{t,x)). (2.63) 



G 



Thanks to Al, E[Z5(^)] is bounded below, uniformly for all 5 > and /i G ^^{G). Also, as 
above, A2 implies that there exists a positive and finite constant C such that 'E[(Zs{fi))'^] < 
C/(^_4)/2(/") foi' all 5 > and fj, £ ^{G). Indeed, this is a consequence of Lemma [213] and 
the fact that 

dt [ ds ^ < 2|/|^'u| (\x - yf/^) . (2.64) 

Therefore, statement (3) now follows from the two moment bounds and the Paley-Zygmund 
inequality. 

For (4), we consider instead z £ B{0,R), x G J, n G ^{F) and set 

Z'silj) = j^li{dt)l^^^,^{v{t ,x)). (2.65) 

As was the case in (1), (2), and (3), E[Z^(^)] is bounded below, uniformly for all 5 > 0, 
ji G 3^{F) and x G J. In addition, there exists a positive and finite constant C such that 



E[{z's{fi)f] < [ f,{dt) [ ^,ids) [ 

Jf Jf Jr 



dzi I dz2 gsizi - z)gsiz2 - z) pt,x;s,x{zi , Z2). (2.66) 



Since pt,x;s,x{zi ,^2) < I* — -sl and the two dzj-integrals are equal to 1, we see that 

E[{Z'sii,)f] < CIp/,(fi), (2.67) 

for all (5 > 0, /X G ^(F) and x £ J. Therefore, statement (4) follows from the two moment 
bounds and the Paley-Zygmund inequality. 

Finally, in order to prove (5), we consider instead /i G ^{G) and 

^s(^') = £l^(,,5)(^;(t,x))/.(<ix). (2.68) 



G 



Once again by Al, E[Z^'(^)] is bounded below, uniformly for all (5 > and fi G 0^{F). And 
by A2, E[(Z^'(/i))^] < C/^/2(/^)) where C g]0,oo[ does not depend on {6 From the two 
moment bounds, (5) follows, whence the theorem. □ 
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Remark 2.5. (a) Hypothesis Al is convenient since, together with A2, it leads to all the 
conclusions of Theorem 12.11 and 12.41 If one is only interested in certain of these conclusions, 
then weaker assumptions than Al are possible, analogous to Hypothesis HI of |DN04j . For 
instance, Theorem 12.1( 1) can be obtained if Al is replaced by: 

Al'. For all M > 0, there exists a positive and finite constant C = C{I, J, M, d) such that 
for ah z G [-M,M]'^, 

dt I dxpt,x{z) > C. (2.69) 



Indeed, this assumption would be used to get the lower bound in ()2.28p and ()2.36p . 
In the same way. Theorem 12. 1( 2) can be obtained if Al is replaced by: 



Al*. For all M > 0, there exists a positive and finite constant C = C{t, J, M, d) such that 
for ah z e [-M ,MY, 

J^dxpt,^{z)>C. (2.70) 
Similar considerations apply to Theorem l2.1( 3). which can be obtained if Al is replaced 

by: 



Ala;. For all M > 0, there exists a positive and finite constant C = C{x, I, M, d) such that 
for all z G [-M,M]'^, 

j^dtpt,,iz)>C. (2.71) 

(b) It is also possible to weaken Hypothesis A2. For instance, Theorems 12.1( 2) and 
12.4( 5) can be proved if A 2 is replaced by: 

A2*. There exists /? > such that for all M > 0, there exists c = c{t, I, J, f3, M,d) > such 
that for all x,y & J with x ^ y, and for every zi,Z2 G [— M , MY, 

Pt,x;t,y{zi , Z2) < ^-r^ exp ( . (2.72) 

\x — y\Pi^ V c|x - y\ J 

Similar considerations also apply to Theorem l2.1( 3). 



3 Upper Bounds on Hitting Probabilities 

The results of this section complement those of the preceding by establishing upper bounds 
for various hitting probabilities. 

Consider two compact nonrandom intervals Id [0 , T] and J C [0,1], and suppose v = 
{f (t , x)}(j 3,)g7x J is an M'^-valued random field. For all positive integers n, set := /c2~^", 
x^l := £2-2", and 



15 



Theorem 3.1. Fix /? > and M > 0. Suppose that there exists c > such that for all 
z £ [-M, M]"^, e > 0, large n and Rl,> x J, 

F{v{Rl,)nBiz,e)^0}<ce^ (3.2) 

Then there exists a positive and finite constant a such that for all Borel sets A C [—M, M^": 

(1) V{v{I X J) n A / 0} < aJ^_6(^); 

(2) for every t G /, V{v{{t] x J) n A / 0} < aJ^_2(^); 

(3) for every x G J, V{v{I x {x}) n A / 0} < aJ^_4(^). 

Proof. We begin by proving (1). When /3 — 6 < 0, there is nothing to prove, so we assume 
that /3 - 6 > 0. Fix e G ]0 , 1[ and n G N such that 2-"-^ < e < 2"", and write 

P^(/x J)ni?(z,e)/0}< Y>{v{Rl,)r^B{z,e)^0}. (3.3) 

The number of pairs {k , I) involved in the two sums is at most 2^". Because 2~"~^ < e, the 
condition (j3.2p imphes that for all large n and all z £ A, 

P{v{IxJ)n B{z , e) / 0} < (72-"(^-6) 

Note that C does not depend on (n , e). Therefore, p.4p is valid for all e G ]0 , 1[. 

Now we use a covering argument: Choose e g]0,1[ and let {Bi}^^ be a sequence of 
open balls in R*^ with respective radii rj G ]0 , e] such that 

oo oo 

Ac\Jb, and J];(2r,)^-6 < J^f^^^iA) + e. (3.5) 

i=l 1=1 

Because P{t;(/x J)n^ / 0} is at most X^^i P{i'(/ x J) nB,; / 0}, ([33]) and ([33]) together 
imply that 

oo 

h (3-6) 
<C'(^^_6(A) + e). 

Let e — > O''" to deduce (1). 

In order to prove (2), we can assume that /? — 2 > and we fix e G ]0 , 1[. We can find 
integers n and k such that 2"""^ < e < 2"" and t G Then, by ([32]), 

P {v m xJ)r\B{z,e)^0}< X J?) n B{z , e) / 0} 



2 



Now use a covering argument, as we did to prove (1), in order to verify (2). 

The proof of (3) follows along similar lines, and is left to the reader. □ 



16 



Theorem 3.2. Fix /3 > and M > 0. If the assumptions of Theorem \3.1\ are met, then 
there exists a g]0,cxd[ such that the following holds for all z G [— M, M]"^ and all compact 
sets E <Z I X J, F <Z I, andG <Z J: 

(1) F{^{z;v)nE ^ 0} <aJ^|^f^{E); 
{2) F{^{z ■v)nF^0}< aJ^^p_2yi{F); 

(3) F{^{z;v)nG^0}< a^^_4)/2(G'); 

(4) for all xe J, P{^^{z ; t>) n F / 0} < aM'p/^iF); 

(5) for all t € I , P{^\z ;v) n G ^ 0} < (G) . 

Proof. Let z G [— M, M]'^. Fix r G ]0 , 1[, to ^ ^ ^-iid ^0 ^ We can find integers n, £ and 
k such that 2-2"-2 < ^ < 2-2n-i^ g /"^ G J". Then condition ([321) implies that for 
n large, 



P < 



fc+i e+i 

inf , rr) - z| < r^^ U P{^^(i^I:,) n B{z , r^^) ^ 0} 

to<S<to+r-^/^ I (3.8) 



< Cr^/\ 



Note that C does not depend on [n ,r ,to ,xo)- 

Now we use a covering argument: Choose r g]0 , 1[ and let {Ei}'^^ denote a sequence 
of open A-balls in I x J with respective radii rj G ]0 , r] such that 

00 00 

E<^[jEi and J2^2rif/'^ < ■J^p%{E) + r. (3.9) 

i=l j=l 

Then 

F{^{z-v)r\E^0} = v\ inf |u(t,x)-z| = 



< 



00 f 

y^P< inf |T;(t , rc) — z| < 



(3.10) 



00 

j=i 



,/9/2 



<C'(jr^'^2(ii;) + r). 

Let r — > 0"^ to deduce (1). 

To prove (2), fix r G ]0 , 1[ and to ^ I- There exist integers n and k such that 2~^"~^ < 
r < 2~^"~^ and to £ -^fc- Condition (|3.2p implies that for n large, 

fc+i 



pj inf inf>(t,x)-z| <r^/4 E PM^"^) n i?(z , r^^) ^ 0} 

< C'2-"^22" 



< C'2-"^22" 
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since r > 2~^"~^. Note that C does not depend on {n ,r , to)- 

Choose r g]0,1[ and let {Fi}'^^ denote a sequence of open balls in / with respective 
radii rj G ]0 , r] such that 

oo oo 

Fc\jFi and Y.^2ri)(f'-^y^ < JT^^.^y^iF) + r. (3.12) 
i=l i=l 

Then 

F{£r{z ; v) n F / 0} = P I inf inf \v{t ,x)-z\=0 

t&F xeJ 



oo ^ 

<Vpiinf inf \v(t ,x) - z\ < 

i=l 



(3.13) 



oo 



,(/3-2)/4 



i=l 

<C{M'(p-2)/A{E)+r). 

Let r ^ 0+ to deduce (2). 

The proof of (3) follows along similar lines, and is left to the reader. 

We now prove (4). Fix x G J, r G ]0 , 1[ and G /. There exist integers n, k and i such 
that 2-^"~2 ^ ^ < 2-4"-i, tQ G and x G Jl^ . Condition (|^ imphes that for n large, 

P I inf |t;(t , x) - z| < rV4 < ^ P{^(i?-,) n S(z , r^^) ^0} 

[io<t<to+»- J ^ (3.14) 

Note that C does not depend on {n ,r ,x, Iq). 

Choose r g]0,1[ and let {Fi}^^ denote a sequence of open balls in / with respective 
radii rj G ]0 , r] such that 

oo oo 

F<^[jFi and ^(2ri)'3/^ < J^f3/i{F) + r. (3.15) 

i=l i=l 

Then 

P{^^(z;t;) nG / 0} = piinf |v(t,x) -z| = 

I t^F 



oo ^ 



(3.16) 



oo 



1=1 

<C{.^p,^{E)+r). 

Let r ^ 0"*" to deduce (4). 

The proof of (5) follows along similar lines, and is left to the reader. □ 
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The results of this section all assume Condition (j3.2p . The following provides a useful 
sufficient condition for (|3.2p to hold. This conditions is used for instance in |DKN07j . 

Theorem 3.3. Fix M > 0. Assume that the W^-valued random field v satisfies the following 
two conditions: 

(i) For any {t,x) £ I x J, the random vector v{t,x) has a density pt,x{z) which is is 
uniformly bounded over z E [—M, and {t ,x) € / x J. 

(ii) For all p > 1, there exists a constant C depending on p,I,J such that for any 
{t,x),{s,y) £ I X J, 

E[\vit , x) - vis , y)n <C[A {{t ,x);{s, y))f' • (3.17) 

Then for any (3 G]0,(i[, Condition (j3.2|) is satisfied and therefore, so are the upper hounds 
on hitting probabilities in Theorems and \cl.SA for such (3. 

Proof. Fix z G [-M, M]'^. For n G N and e G ]0 , 1[, set 

Zl,:= sup K^,x)-^(^^x,")|. (3-18) 

(t,x)(iB^{(tl,x^^),e^) 

Fix (3 G ]0 , d[. We are going to start by showing that 



P \ Zl, > -Y,y \ < ce^. (3.19) 



Indeed, observe that 



P > < P {Y,y < e^/''} + P > ie/^Z-^l . (3.20) 

By hypothesis (i), the first term on the right-hand side is bounded by ce^. By Markov's 
inequality, 



large enough that ^ — ^ > — 



Let p > 6 and g = | — 3. Then q > and | = | — | > 0. Since ^ < |) we can choose p 

1 _ 3 ^ J. 

2 p 2d- 



Fix a £ ] ^ ) ^ [• By hypothesis (ii) and Corollary \A.3\ 

E{\Zl,\P)<{eT, (3.22) 

and hence, 

P |^fc,f > ^n^} < ce^ + ce^^P-Z^p/'^ (3.23) 
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Since 2a — f3/d > 0, it follows that p{2a — f3/d) — (3 > for all sufficiently large p. This 
proves (|3.19p . 

Now, let e G ]0 , 1[ and n G N be such that 2~""i < e < 2"". According to (|XTg|) . 
P {v {Rl,) n , £) / 0} < P {Y^^, < 2-" + Zl,] 

< P > ^Y,y^ + P {Y,y < 2i-"} (3.25) 

< c2-'''^ + c2(^"")'^. 
Therefore, for all large n and all z G [— M, M]"^, 

P {v [Rl^i) n 5(z , e) / 0} < C72-"^ < Ce^, (3.26) 
since 2"""^ < e. This proves p.2p and whence the theorem. □ 



4 The Gaussian case 

We consider the s.p.d.e. (jl.ip in the drift-free case (6j = 0), and write it in vector notation 
as 

du d'^u 

The solution is the d-dimensional Gaussian random field {u{t , a;)}te[o,T],xe[o,i] defined by 

u{t,x)=[ [ Gt-six ,y)aW{dsdy), 0<t<T,0<x<l. (4.2) 
Jo Jo 

The main objective of this section is to show that for to > 0, the conclusions of Theorems 
EH [231 EH and are satisfied for {u{t , x)) with /? = d, / = [to , T], and J = [0 , 1]. We 
point out that it would be much simpler to establish this for (3 < d: see the comment just 
before Proposition 14.41 We begin with the following. 

Proposition 4.1. Fix to > 0. Then the solution to (|4.ip satisfies Al and A2 with (3 = d, 
I = [to, T] and J = [0 , 1] . 

Proof. It suffices to prove that Hypotheses Al and A2 are satisfied for the random field 
(]4.2p . We are going to reduce the problem to the case where a is the d x d identity matrix 
by a change of variables. Because a is invertible, 

— ^ = — + W. 

dt dx'^ 

Define v := a~^u to find that v solves the following uncoupled system of s.p.d.e. 's: 

dv d'^v ^- , , , , 



We will prove that Hypotheses Al and A2 hold for the solution of ()4.3p . Therefore, they 
also hold for u = av. Note that v = {vi, . . . ,Vd), where vi,...,Vd are i.i.d. real- valued 
processes. 
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Verification of Al. Fix / = [to ,T], J = [0 , 1] and M > 0, and let z £ [-M ,Mf. Then, 
for all (t ,x) £ I X J, the probability density function of v{t , x) is given by 



where 



CTj := Var ,x) = I dr dv {Gt^r{x ,v)f' . (4.5) 
JO 

Since , x) cr^^ is a continuous function, it achieves its minimum />i > and its maximum 
P2 < oo over I x J. Thus, 

This proves Al. 

Verification of A2. We follow the proof of Theorem 2.1 of Dalang and Nualart |DN04j . 
The joint probability density function p\^x;s,y{' ' ') °^ i^iit ,x),Vi{s, y)) — for any two distinct 
space-time points (t , x) and {s , y) — does not depend on i and can be written as 

Pt,x;s,yi^l > Z2) = Pl,x\s,y(.^l I ^2^,5/(^2), (4.7) 

where zi , Z2 S K, Plx\sy( ' I -^2) denotes the conditional probability density function of 
Vi{t,x) given Vi{s,y) = and pl^y{-) denotes the marginal density of Vi{s,y). By linear 
regression, 

1 f \zi — mz2^'^ 



I ^2) = -7= exp , (4.8) 



rV2^ "V 2r2 
where 

2._2 _2/i_2 N _ '-^t,x;s,y 

■~ ^t,x;s,y ~ ^t,x y'- Pt,x;s,y) ' Pt,x;s,y — 

' (4.9) 

m := mt,x;s,y = Crt^x;s,y = Cov {Vi{t, x) ,Vi{s ,y)) . 

^s,y 

As in Dalang and Nualart [ DN04t (3.8)], the triangle inequality and the elementary 
bound (a — 6)^ > — 6^ together yield 



i f N ^ 1 f \zi-Z2^\ 



2 X (4.10) 



— — J'"p V ^ 

We will use the technical estimates in the next two lemmas in order to estimate the 
right-hand side of (|4.10p . 
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Lemma 4.2. Fix to > 0. There exist ci, C2 > such that for all s,t £ [to ,T], x,y £ [0 , 1] 
and i = 1, . . . , d, 



ci 

and 



-A{{t ,x);{s,y)) <E [{vi{t , x) - v^{s , y)f] < ci A((t ,x);{s, y)) (4.11) 



\(Jt,x - as,y\ < C2 ( |t - + \x-y\ log ]_ ] . (4.12) 

1-^ y\ 



Proof. We assume without loss of generality that s < t. We start by proving the upper 
bound in (|4.1ip . We note first that 

pt pi ps pi 

E[{vi{t,x)-Vi{s ,y))'^]= dr dzGf_^{x,z)+ dr dz {Gt-r{x , z) - Gs-r{y , z)f . 

Js Jo Jo Jo 

This can be bounded above by 

pt pi ps pi 

dr dzGl^^{x,z) + 2 / / {Gt-r {x ,z) — Gs~t{x , -z))^ dr dz 

Js Jo Jo Jo /A 1 o\ 

ps pi \ • J 

+ 2/ / {G,^r{x,z)-Gs-riy,z)fdrdz. 



JO JO 

This and Lemma B.l of Bally, Millet, and Sanz-Sole |BMS95 ] show that there is 
Co < oo such that 

E[{vi{t , x) - Vi{s , y)f] < C7oA((t ,x);{s, y)), (4.14) 

which is the desired upper bound. 

We now turn to the lower bound in ()4.1ip . We consider three different cases. 

Case 1: s = t. We follow Walsh |W861 p. 323-326] and express the Green kernel for 
the heat equation with Neumann boundary conditions as 

oo 

Gt{x,y) = Y, e--'^'Vfc(a:)<Afe(y), (4.15) 

fc=0 

where 4>o{x) := 1 and (f>k{x) ■= 2^/^ cos(A;7rx) [k > 1]. Therefore, 

Vi{t,x)= f [' Gt- six, y)W'{dsdy) 
Jo Jo 



oo 



(4.16) 



A:=0 

where 



t fi 

21,2/ 



4 := / e--^ ^'-'Uk(.y)W\dsdy). (4.17) 
Jo Jo 
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We note that t is fixed, andj^j are independent centered Gaussian random variables 
with variance 



Var(4 



t .1 
ds dye 



JQ 



(1 _e-2^'^''*)/(2^2^2) iffe>l^ 

t if A; = 0. 



(4.18) 



In fact, the A^^s are Ornstein-Uhlenbeck processes if A; > 1, and Brownian motion when 
k = 0. Consequently, for fixed t, 



1 - e 



1/2 



k=l 



St ) 



(4.19) 



where {^t}T=o i-i.d. sequence of standard Gaussian random variables. Now, recall 

from Walsh fWMl Exercise 3.9, p. 326] that 



oo ^ 

B,:=xC^ + Y,TMx)^t (0<x<l) 



(4.20) 



fc=i 



defines a standard Brownian motion indexed by [0,1]. Consider 



Rx ■■= Vi{t,x) 



1 



where 



rk ■ 



_ (1 - exp(-27r2A;2f))i/2 _ i 



(4.21) 



2V2vrA; 



(4.22) 



Because \rk\ = 0{k exp(— 27r /c to)) as /c — > cxd, x i?^ is differentiable a.s., and 

|2 °° 



E [{R, - Ryf] < 2^^^^ + 2Y,{<i^u{x) - My)?rl 

k=l 
oo 

< \x — + 4^^ {cos{kTTx) — cos(A;7ry)) 



2 2 

rk 



k=l 

oo 



\x - y\ 



k=l 

oo 



2 sin I k-K 



x-y 



sin I fcvr 



r2 



(4.23) 



<\x- + 4y^ fc^TT 



2| |2 2 



fe=i 



<C|x-y|2, 
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where C does not depend on t G [to , T\ nor on x, y G [0,1]. It follows that 



'E.[{v,{t,x)-Vi{t,y)f 



E 



— B 



- + Rx — Ri 



> -E[{B, - By) 



1 , 

> - \x — V 

> c\x — y\ 

for \x — y\ sufficiently small and for all t £ [Iq ,T]. 
Observe that 

-1 



E[{R, 
C\x-y\^ 



Ryf] 



(4.24) 



E[{vi{t,x)-v^it,y)f 



dr 







dz , z) - Gt-r{y , z)y 



(4.25) 







is strictly positive, since the integrand is not identically zero. Because this expression is a 
continuous function of {t, x, y), it is bounded below on {{t, x, y) £ [tQ , T] x [0 , 1]^ ■ \x — y\ > 
e} by a positive constant for every fixed e > 0. We have proved that (|4.24p holds for 
s = t G [to ,T] and \x — y\ sufficiently small. Therefore, (j4.24p holds for all x,y £ [0,1] and 
t G [to , T] if c is chosen small enough. We conclude for the moment that there is c > such 
that for all t £ [to , T] and x,y £ [0,1], 

E [{vi{t , x) - Vi{t , y)f] > c\x - y\. (4.26) 



Case 2: \t — s\^/'^ > j^\x — y\, where c and Co are the constants appearing in (j4.26p 
and (|4.14|) . respectively. 

By MORIEN [M98| Lemma A1.2], 

E [{vi{t , x) - Vi{s , y))2] > ^ ^ Gtri^ , y) dr dy 

>c\t-s\'/\ 

Because of the inequality that defines this Case 2, this is bounded below by 

||i - + 1^1^ - y| > c'A((t , rr) ; (s , y)). (4.28) 

This proves the lower bound in (14. lip in this Case 2. 

Case 3: \t — s\^^'^ < ^j^\x — y|, where c and Co are the constants appearing in (|4.26p 
and ()4.14p . respectively. 

Using ()4.26p and (|4.14p . we observe that 

E [{vi{t,x) - Vi{s,y)f] = E [{vi{t,x) - Vi{t,y) +Vi{t,y) - Vi{s,y)f] 

> ^E [{vi{t , x) - Vi{t , y))^] - E [{vi{t , y) - Vi{s , y))^] (4^29) 

>^c\x-y\-Co\t-s\'/''. 
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Because of the inequality that defines this Case 3, this is bounded below by 



\\x-y\ - ^\x-y\ = ^\x-y\ 



>^|^_y|+^l^|t_,|l/2 

-8' ^' 8 c ' ' 
'c Co' 



(4.30) 



> min 



8' 2 



A((t,x);(s,y)). 



This completes the proof of Case 3 and of the lower bound in ()4.1ip . 

Finally we prove (I4.12[l . When (i,x) = (s,y), there is nothing to prove. Therefore, by 
the triangle inequality, it suffices to consider the following two cases. 



(i) The case where s = t and x ^ y. Note that 

\0't,x — (^t,y 



< c\al^-(Tly\, 
where c does not depend on t G [to , T]. Also, by ()4.16p . 



k=0 

oo 



t ^ 



V0|(y) / dse~ 



^ ft 
Y.{cg{x)-<t>l{y)) / ds. 

k=l 



k=0 

-2-K'^k'^s 



Therefore, 



oo 



k=l 

oo 

k=l 



- ^l{y)\ 
\4>k{x) - (t>k{y)\ 



Now 



\Mx)-My)\ <4 



sin I k IT 



x-y 



< 4 I yfcvr A 1 



Consequently, as long as |x — y| is sufficiently small, 

1 



k=l 



E 



^l<k<2/\x-y\iT 



< Ci\x — y\ In 



2 

x-y\ 
2k 



k^ 



tt\x — y\ 



+ E ^ 

k>2/\x-y\TT 

+ C2\x-y\ 



(4.31) 



(4.32) 



(4.33) 



(4.34) 



(4.35) 
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where Ci and C2 do not depend on t G [to , T]. This proves (j4.12p when s = t. 
(ii) Case where x = y and s < t. As in (j4.3ip . 

and 



crt,x - CFs,x I < c I al^ - al^ \ , (4.36) 



^t,x '^s,x 



f C Gtr{x,y)drdy+ f C {GI_,{x ,y) - GI,{x ,y)) drdy. (4.37) 

Js Jo Jo Jo 

We appeal to Bally, Millet, and Sanz-Sole [BMS_95] Lemma B.l] to see that the first 
term is bounded above in absolute value by c{t — 5)2 . Using ()4.15p . we see that the second 
term is equal to 

k=i ^-^0 Jo 



k=i 

Using the elementary inequality < 1 — < min(x, 1), valid for all x > 0, evaluating the 
remaining integral and using the fact that |0^(a:)| < 2, we see that this is bounded above 
by 

^^ mm(vr Mf^),!) ^ _ ^ ^ 1 

fc=l \ k=l fc>7r-l(t-s)-l/2 / 

This completes the proof of (j4.12p and of the lemma. □ 

Lemma 4.3. Fix to > 0. There exist ci,C2 > such that for all s,t £ [to ,T] and x,y G 
[0,1], 

^ A((t , x) ; (s , y)) < a^^a^ ,^ - al^.,^y < ciA{{t , x) ; {s ,y)), (4.40) 

Wl,-at,x;s,y\<C2[A{{t,x);{s,y))]'^\ (4.41) 

Proof. Let jf^-gy := E[{vi{t,x) - Vi{s ,y))'^]. Then using Mueller and Tribe |MT03t 
(4.3)], 

(^lx(^s,y - (^t,x;s,y = \ {llx;s,y " (-^t.^ " f^s^yf) {{cTt-x + CFs^yf - lt,x;s,y) ■ (4-42) 

By Lemma l42t '^t,x,s,y ^ cA((t , x) ; (s , y)). Therefore, the second factor of (I4.42P is bounded 
below by a positive constant when s,t G [to;^] and (t,x) is near {s,y). Furthermore, 
another application of Lemma 14.21 yields 

llx,s,y - Kx - ^s,yf > cA((t , x) ; (s , y)) - c [A((t , x) ; (s , y))]^/^ 
>cA((t,x);(s,y)). 
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This proves the lower bound of (j4.40p provided (t , x) is sufficiently near {s ,y). 

In order to extend this inequality to all (t , x) and (s , y) in [Iq ,T] x [0,1], it suffices to 
show that 

'^Ix^ly - ^t,x;s,y > if {t , x) ^ {s , y) . (4.44) 

This could be proved by elementary arguments, but since we are only interested in the 
conclusion, we use results available in the literature, even if they constitute overkill. Notice 
that if s = t and x / y, then this holds because by Bally and Pardoux |BP98] . the 
random vector {vi{t ,x),Vi{t,y)) has a density with respect to Lebesgue measure. Since this 
is a Gaussian random vector, this implies that the determinant of its variance/covariance 
matrix is non-zero, and this determinant is equal to cr^^^aly — o't,x]s,y 

If s < t, and if this determinant were equal to 0, then we would have \pt,x;s,y\ = Ij so 
there would be A S M such that Vi{t , x) = Xvi{s , y) a.s., and, in particular, we would have 

E[{viit,x)-Xviis,y)f]=0. (4.45) 

However, the left-hand side is equal to 

f [' Gt,{x,z)drdz+ r [\Gt^r{x,z)-XGs-r{y,z)f >0, (4.46) 

Js Jo Jo Jo 

which is a contradiction. Therefore, cr^^^a^ y — cr^^^.^ y > when s < t or s = t and x ^ y. 
This completes the proof of ()4.44p and of the lower bound (j4.40p . 

In order to prove the upper bound of (j4.40p . we use Lemma 14.21 once again, to see that 
the first factor of (j4.42p is bounded above by c A((t ,x);(s, y)). Similarly, the second factor 
is bounded above by a constant. The desired upper bound follows. 

It remains to prove ()4.4ip . For this, note that 

Wlx - '^t,x;s,y\ = \-fl^.s,y + Gov{vi{t,x)-Vi{s,y),Vi{s,y))\ 

< llx;s,y + lt,x;s,yCrs,y (4.47) 

<c[A{{t,x);{s,y))]'/\ 

where we have used Lemma [4 . 2 1 twice in the last inequality. This implies the desired bound. 

□ 



By applying Lemmas 14.21 and 14.31 in (j4.10p . we find, using the independence of the 
components vi, . . . , v^, that for all zi,Z2 G [— M , M]'^, 

This verifies A2, whence follows the proof of Proposition 14. li □ 

We now establish an upper bound for hitting small balls. Note that by Lemma 14.21 and 
the fact that u and v are Gaussian processes. Theorem 13.31 show that p.2p holds for the 
solution u of ()4.ip and for any /3 £ ]0 , d[. The following lemma improves this by establishing 
(|3.2p for P = d, hy using the structure of the Gaussian fields u and v. 
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Proposition 4.4. Fix to > 0. The solution to (|4.ip satisfies (|3.2p with (3 = d, I = [t^ ,T] 
and J = [0,1]. 

In order to prove Proposition 14.41 we need the following lemma. 

Lemma 4.5. Let u = {u{t,x)) be as in (j4.ip . For all p > 1, there exists Ap > such that 
for all e > and all (t , x) fixed, 



E 



sup \\u{t , x) — u{s , y)\\^ 

[A((t,x);(s,s,))]l/2<e 



(4.49) 



Proof. It suffices to prove ()4.49p for each coordinate Uj, i = l,...,d. We plan to apply 
Proposition IAD with S := S, = {{s,y) : [A((t , rc) ; (s , y))]i/2 < e}, p{{t , x) , {s , y)) := 
[A((t , ; (s , y))]^/^, n{dtdx) := dtdx, ^'(x) := el^l — 1, p{x) := x, and / := Uj. Then, by 
Lemma 14.21 and the fact that u = av, 



Em < E 



dr dy I ds dy exp 
Se Js, \{\r 



s\'/^ + \y-y\f\ 

In accord with Proposition lA.ll and by repeated application of Jensen's inequality. 



(4.50) 



E 



sup \ui{t ,x) - Ui{s ,y)\P 

[A((t,x);(s,2/))]i/2<, 



< S^E 
= 8PE 



du \n \ 1 -\ ; 

V HBp{{t,x),u/2)y 

2e / \\Pl 

du In ( 1 + 







ClU 



12 



(4.51) 



< 8P(2e)P-iE 



2e 



du InP 1 + 



ClU 



12 



< 8P(2e)f-i j^' du InP + 



2e 



< 8P(2e)P-^ / dtx InP ( 1 + 

Jo V ci vu 

and this is manifestly a constant multiple of 



Co fe 



12 



□ 



Proof of Proposition \4.4\ Let u = (n(t , x)) be as in (|4.ip . Let i?^ ^ := [t^ , t^^^] x [x" , x"^-^] 
be as in (j3.ip . We are going to show that there is c < oo such that for all z G M"^ and e > 0, 



F{u{Rli)nB{z,e)^0}<ce'' 



(4.52) 



That is, u satisfies ()3.2p with (3 = d. 

Note that it suffices to prove this with u replaced by v, where v is the solution of 
Without loss of generality, we set e := 2^". It suffices to prove that there exists c G ]0 , oo[ 
such that for all k,t, 

P {v{Rl^^) n B{z , 2-") / 0} < c2~"^. (4.53) 
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Consider 

so that 
Clearly, 



\w[vi{tl,x1)\ 

^[v{t,x) \v{tl,x^^)]=clAt,x)v{tk.xt). [A 



V{v{Rl,)f^B{z,2-^)^0}=v\ inf \\v{t ,x) - z\\ <2-^\ 



where 



For r > 0, 



< P [Y^^, < 2-" + Zl,} , 



^k/ ■■= , inf \\4/t , x)v{t^ ,x'l)-z\\, and 



j=i 



where 



The inequality |c^£(i , , re") — Zi\ < r is equivalent to 



(4 



(4 



= inf \4At , xMtl ,x^)-Zi\<r\. (4 



and the interval [{zi — r)/c^ ^{t, x) , {zi +r)/c^ ^{t, x)] has length bounded above by 2r/ 
where 

e^^:= inf c^^(t,x). (4 



Therefore, 



i 
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Observe that for all {t ,x) G 

\E[v,{tl,x^)-iv,{t,x)-v,{q,xm 



E 



< 



Yar[vi{q,x^)] 
ivi{t,x)-vi{tl,x^)y 



1/2 



(4.63) 



Var [vi{q,x'^)] 



Lemma 14.21 implies that the numerator is 0(2 "'), whereas the denominator is bounded 
below by a positive constant. Therefore, 



|c^,,(t,rE)-l| <- foran(t,x)Ei?^,,. 



(4.64) 



We emphasize the fact that the constant c does not depend on the choice of {n,k,i). It 
follows from (|i:63]) and (jTB^ that 

— <cr. (4.65) 



Since {f j(t^ , x")}j=i^...^rf are independent, centered, Gaussian random variables with vari- 
ance bounded below by a positive constant, 



P{n/<r}<c. 



(4.66) 



where c does not depend on our choice of {k, £, n, r). Because Yj^^ and ZJ! ^ are independent, 
(j4.56p and ()4.66p together imply that 



P {viR^,) n Biz , 2-") ^ 0} < cE (2- + Z^,,) 



(^ 



< c ( 2-"^ + E 



We bound ZV. by 



where 



^ 7(1)." I 7(2)," 



(4.67) 



(4.68) 



Zf]'":= sup \\v{t,x)-v{q,xm, 
zQ'':=v{tl,x-,)x sup |l-c^/t,x)|. 



On one hand, (I4.64p implies that the d-ih moment of zj^j'^ is at most constant times 2 
On the other hand. Lemma 14.51 proves that 



(4.69) 



-nd 



E 



Z 



{l),n 
kl 



< c2 



-nd 



(4.70) 



Therefore, (j4.67p implies (j4.53p . whence the proposition follows. 



□ 
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The main result of this section is the fohowing theorem, which summarizes the preceding 
results. 

Theorem 4.6. Let u = , x))^g[o,T],a;6[o,i] solution of Fix to > 0. Then the 

conclusions of Theorems \2.1l \2.4l \3.1l and \3.S\ hold for u, with I = [t^ ,T], J = [0,1], and 
(5 = d. 

Proof. By Proposition 14.1^ A.l and A. 2 are satisfied for u with these choices of /, J and 
(3. Therefore, the conclusions of Theorems 12 . H [2^ are also satisfied. By Proposition 14.41 u 
satisfies (|3.2p with j3 = d, I = [t^ ,T] and J = [0,1]. Therefore, the conclusions of Theorems 
13.11 and 13.21 are also satisfied. □ 

Remark 4.7. We could have considered the system (jl.ip with Dirichlet boundary con- 
ditions instead of the Neumann boundary conditions (II. 2p . In this case, the results and 
proofs are essentially unchanged, except that one must replace the interval J = [0,1] by 
J = [e , 1 — e], where e > is fixed. Indeed, a lower bound such as (j4.27p would obviously 
not be satisfied atx = ?/ = Oorx = y = l with Dirichlet boundary conditions. 



5 The case of additive noise 



The aim of this section is to transfer the results of Section 4 for the Gaussian process (14. ip 
to the process ()1.3p . Subsequently, we will establish Theorem II . 1 1 and Corollary 11.21 of the 
Introduction. For this, we will use the following general fact which is a consequence of 
Girsanov's theorem. 

Proposition 5.1. Let u denote the solution of (jl.ll) and let v denote the solution of (II. ip 
with 6 = 0, that is, v is the the solution of ()4.1|) . Then for any e > 0, there exists c > 
such that for all be a Borel subsets B of C([0 , T] x [0 , 1], W^), 

-^{V{v G B]Y+' < P{u eB}< ciF{v G B})^/^'^+'\ (5.1) 
Proof We follow the proof of Corohary 5.3 of Dalang and Nualart |DN04j and consider 

Lt := eyip(^- J J Gt-s{x ,y) a'^b{u{s ,y)) ■ W{ds dy) 



^0 



1 

~ 2 

ft rl 

Jt:=exp{-I / Gt^s{x ,y)a~^b{v{s ,y)) -Widsdy) 



* ''\Gt-s{x,y)f\\a-'b{uis,y))fdsdy 



JO 



(5.2) 



1 



2 



t /-i 



^0 



+ -/ / {Gt-s{x,y)r\\cj-'b{v{s,y))rdsdy 



Let Q denote the probability measure defined by 



^M = i*M- (5.3) 
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Then, by Girsanov's theorem as stated in Proposition 1.6 of Nualart and Pardoux 
|NP94| (see also Dalang and Nualart |DN041 Theorem 5.2]), 



P{u eB} = Ep [l{ueB}] = Eq = Ep [l{veB}Ji'] 

Let e > and apply Holder's inequality to find that 



(5.4) 



< (Ep [l{^(=B}Jt ^]) 



Ep 



^/(i+^) 



and therefore. 



P{u £B}> {F{v G B})^+' [Ep 
Let r = 1/e. By the Cauchy-Schwarz inequality, 



J, 



(5.5) 



(5.6) 



Ep[Jr] < Ep 



exp 



t fi 



-2r Gt^six , y) a-^b{v{s , y)) ■ W{ds dy) 



^0 

1 

2 



t fi 



JQ 



\r\Gt-s{x,y)f\\a-H{v{s,y))fdsdy 



1/2 



(5.7) 



X Ep 



exp 



t rl 



Oo Jo 



{2r' + r){Gt^s{x , y)Y \\a-'b{v{s , y))^ ds dy 



1/2 



The first expectation on the right-hand side equals 1 since it is the expectation of an 
exponential martingale with bounded quadratic variation. The second factor is bounded by 
some positive finite constant. This proves the lower bound of (j5.ip . 

In order to prove the upper bound, let e > and apply Holder's inequality to the 
right-hand side of (|5.4p : 



P{n G 5} < {V{v G B}) 



l/l+e 



Ep 



J. 



e/l+e 



(5.8) 



Let r = (1 -|- e)/e. Again by the Cauchy-Schwarz inequality, 



Ep[j,-n < Ep 



exp 



t 







2r Gt.s{x , y) (J-H{v{s , y)) ■ W{ds dy) 



t /-i 



X Ep 



exp 



Ar\Gt-s{x,y)f\\a-H{v{s,y))fdsdy 

JO 

* f\2r^ - r){Gt^s{x , y)f \\a~H{v{s , y))f ds dy 
Jo 



1/2 



(5.9) 



1/2 



As above, the first expectation on the right-hand side equals 1 since it is the expectation 
of an exponential martingale with bounded quadratic variation and the second factor is 
bounded above by some positive finite constant. This concludes the proof. □ 



Theorem 1 1 . 1 1 will be a consequence of our next result. 
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Proposition 5.2. Let u denote the solution of (jl.ip . Let I c]0,T] and J C [0 , 1] be two 

fixed non-trivial compact intervals. Fix M > 0. 

(1) For any e > 0, there exists c > such that for all Borel sets A C [—M , M]'^, 

l(Cap,_6(A))i+^ <P{u{I xJ)nA^0}< c(^,_6(^))i/{i+^). 

(2) For all t g]0,T] and e > 0, there exists c > such that for all Borel sets A C 
[-M,Mf, 

^(Cap,_2(^))'+^ <PM{t} xj)nA^0} < c(jrrf_2(^))'/^'+^). 

(3) For all x G [0,1] and e > 0, there exists c > such that for all Borel sets A C 
[-M,M]'^, 

^(Cap,_4(^))i+^ < P{n(/ X {x})nA^ 0} < c{J^d-4{A)f/'''+'l 

Proof. In order to prove the upper bound in (1), we apply Proposition 15.11 with B = {f G 
C([0,r] X [0,1], M'^) : /(/ X J)nAy^ 0} and then use TheoremHJl When A is compact, 
we get the lower bound in (1) in the same way. Now consider the case where A is a Borel 
set. We recall that Cap^ is a Choquet capacity; see Dellacherie and Meyer [DM75t 
Chapter 3]. In particular, for any Borel set A, 

sup Cap^(F) = Cap^(^). (5.10) 

FcA.F compact 

Therefore, if F C ^ is compact, then 

P {u{L X J) n A / 0} > P {u{I X J) n F / 0} > ■^(Caprf_6(F))l+^ (5.11) 

Taking, on the right-hand side, the supremum over such F and using (|5.10|) proves the lower 
bound in (1) for A. 

The proofs of (2) and (3) are similar and are left to the reader. □ 

We now prove Theorem ll.il 

Proof of Theorem This theorem is an immediate consequence of Proposition 15. 2i □ 

We prove Corollarv 11.21 next. 

Proof of Corollaru M.SX We first prove (a). Let z G W^. If d < 6, then Cap^_g({z}) = 1. 
Hence, the lower bound of Proposition 15.2( 1) implies that {z} is not polar. On the other 
hand, if (i > 6, then J^(1_q{{z}) = and the upper bound of Proposition 15.2( 1) implies 
that {z} is polar. If d = 6, we observe that Mueller and Tribe |MT03l Corollary 4] 
show that the law of their stationary pinned string |MT03l (2.1)] is mutually equivalent, on 
compact subsets of ]0 , T[x]0 , 1[, to the law of the solution of (jl.ip (see [MT03t Corollary 
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4]). In this corollary, Mueller and Tribe consider the heat equation on the circle instead of 
the heat equation on [0,1]; however, the Green's functions of these two equations are not 
very different and the proofs of [MT03j apply essentially without changes to our setting. 
Therefore, from jMT03| Theorem 1] and Proposition 15.21 we conclude that when d = 6, 
a.s., the solution of (jl.ip does not hit points. This proves (a). 

For (b), the cases d < 2 and d > 2 are proved exactly along the same lines using 
Proposition 15. 2r 2). For the case d = 2, we again use the mutual equivalence of our process 
with the stationary pinned string of |MT03| . For t fixed, the stationary pinned string as a 
function of x has the same increments as those of a standard Brownian motion with values 
in |MT03l Section 2]. Therefore, points are polar for x ^ u{t,x) when d = 2. This 
proves (b). 

For (c), the statement only concerns the cases d < 4 and d > 4, which are proved as 
above using Proposition 15. 2f 3). □ 

The following is another consequence of our work. 

Corollary 5.3. Let u denote the solution of (jl.ip . 

(a) Ifd>6, i/ien dimjj(n(]0,T]x]0,l[)) =6 a.s. 

(b) Fixte]0,T]. Ifd>2,thendim^{u{{t}x]0,l[))=2a.s. 

(c) Fix x£]0,l[. If d> 4, then dim^{u{R+ X {x})) = i a.s. 

In the special case that 6j = and aij = 6ij, Wu and Xiao (WX07j find a connection 
between (jl.Sp and the theory of local non-determinism, and hence deduce Corollary 15. 3| 
see their Theorem 2.3 and Proposition 2.4 {loc. cit.). Presently, we use an indirect and 
elementary codimension argument to achieve a similar effect for the more general functions 
bi and aij under consideration here. 

Proof. Let be a random set. When it exists, the codimension of E is the real number 
/? G [0 ,d] such that for all compact sets ^ C M'^, 

> whenever dimjj(A) > /?, 

(5.12) 

= whenever dim^ (A) < p. 

See Khoshnevisan |Kho02[ Chap. 11, Section 4]. When it is weh defined, we write the said 
codimension as codim(i?). Proposition 15.21 implies that for d > 1: codim(u(M-|-X ]0, 1[)) = 
(d-6)+; codim(M({t}x ]0, 1[)) = {d-2)+; and codim(n(M+ x {x})) = {d-A)+. According 
to Theorem 4.7.1 of Khoshnevisan |Kho021 Chapter 11], given a random set E in M'^ 
whose codimension is strictly between and d, 

dimjj E + codim E = d a.s. on {E ^ 0}. (5.13) 

When d > 6, this implies (a). When d > 2, this implies (b), and when d > 4 this implies 
(c) of the corollary. 

For the remaining "critical cases" we consider the case d = 6 and prove (a) only. The 
corresponding results for (b) {d = 2) and (c) {d = 4) are proved analogously. 



P{E nA^0} 
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Because d = 6, it follows immediately that the Hausdorff dimension of n(]0 , T] x ]0 , 1[) 
is at most 6. For the lower bound, we note that n(]0,T]x ]0,1[) will hit ^ C as long 
as A has positive logarithmic capacity (Proposition I5.2( ) . In particular, the codimension of 
u(]0,r]x]0,l[) is zero. 

Choose and fix /? e]0,6[. By Peres's Lemma (Khoshnevisan jKho02l p. 436]), we 
can find an independent closed random set C such that for all fi-compact sets 
E C M^: (i) dimjj n S = dimjj E - p a.s.; (ii) F{A,3 n £; = 0} = 1 if dimjj E < P; 
and (iii) P{A^ n -E / 0} € {0 , 1}. Because dimjj A^ = 6 — /? is positive, A^ has positive 
logarithmic capacity; this follows from Frostman's theorem Khoshnevisan |Kho02l p. 521]. 
Therefore, by Proposition 15.21 and (iii), n(]0 , T] x ]0 , 1[) n A^ 7^ a.s. But thanks to (ii), 
dimjj u{]0 , T] X ]0 , 1[) > /?. Let /3 | 6 to deduce (a) in the case that d = 6. This concludes 
the proof. □ 

Proposition 5.4. Let u denote the solution of (jl.ip . Then for all e > and R > 0, 

there exists a positive and finite constant a such that the following holds for all compact sets 
E c]0,T]x]0,l[, F C]0,r], andGc]0,l[, and for all z e B{0,R): 

(1) a-HC^pf^,{E)y+^ < F{^{z ■u)nE^0}<a {J^^,%{E))y (^+^) ; 

(2) a-i(Cap(^_2)/4(i^))'+^ < P{-^{z;u)nF^ 0} < a {.J^^^a_^y,{F))^/(^+^h 

(3) a-i(Cap(^-4)/2(G))i+^ <P{jr(z;tx)nG/0} <a(^rf_4)/2(G))i/(i+^); 

(4) For all x G ]0 , 1[, a-i(Cap^/4(F))i+^ < P{^^{z ■,u)nF^0}<a {J^d/4{F))^^^^^'h 

(5) For allte]0,T], a^^{Capa/2{G))^^' < P{^\z;u)nG ^ 0} < a {J^d/2{G))^/^^+'^ . 

Proof. In order to prove (1), it suffices to use Proposition 15. II with B = {f : ^{z ; u) H £^ 7^ 
0} and apply Theorem 14.61 The proofs of (2)-(5) follow in exactly the same way. □ 

Corollary 5.5. Let u denote the solution of (II. ip . Choose and fix z ^ . 

(a) If2<d< 6, then dim^ ^(z;u) = i(6 - d) a.s. on {^{z;u) / 0}. 

(b) If'i<d< 6, then dim^ ^{z;u) = ^(6 - d) a.s. on {^{z;u) / 0}. 

(c) Ifl<d< 4, then d\m^ .^x{z;u) = ^(4 - d) a.s. on {if^(z ;u) / 0}. 

(d) Ifd=l, then dim^ .^\z;u) = i(2 -d) = i a.s. on {^\z;u) / 0}. 
Ln addition, all four right-most events have positive probability. 

Proof. The final positive-probability assertion is an immediate consequence of Proposition 
[53] and Taylor's theorem Khoshnevisan |Kho02l Corollary 2.3.1 p. 523]. 

For the remainder of the corollary, we proceed as we did in the proof of Corollary 15.31 
By Proposition 15. 41 for d > 1, it holds that codim(=T(2; ; u)) = ^{d — 2)~^, codim(,^(z ; u)) = 
^(d-4)+, codim(^2;(z; u)) = d/i, codim(if*(z ; n)) = d/2. Hence, (|5.13p gives the desired 
statements of the corollary in all but the critical cases. The critical cases are handled as 
was done in the proof of Corollary 15.31 □ 
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Remark 5.6. It is natural to expect that if 1 < d < 6, then the ^^-Hausdorff dimension 
of ^{z ; u) is (6 — d)/2. Indeed, since the J^^-Hausdorff dimension of ]0, T] x [0, 1] is 3, 
this would be compatible with the codimension argument, if it applied. 



A Appendix: An anisotropic Kolmogorov Continuity Theo- 
rem 

We first present an improvement of the classical lemma of Garsia |G:72j . Recall that 
4* : M — > M+ is a strong Young function if it is even and convex on M, and strictly increasing 
on M+. Its inverse is : M+ — > R+. 

Proposition A.l. Let {S , p) be a metric space, fi a Radon measure on S, and ^ : M ^ 
a strong Young function with ^'(0) = and ^'(cxd) = oo. Suppose p : [0,cxd[^ M+ is 
continuous, even, and strictly increasing on with p{0) = 0. Define, for any continuous 
function / : S" — > M, 

Let Bp{s , r) denote the open d-ball of radius r > about s & S. Then, for all s,t £ S, 



\fit)- 








r2p{s,t) 




< 4 






Jo 





[fi{B,{s,u/2)f) [[fi{B,{t,u/2)]\ 



(A.2) 

p{du). 



Remark A.2. (a) The following "majorizing-measure condition" is a ready but useful 
consequence: If < oo then for all e > 0, 

sup < 8sup / 2 I ^'(^^)- (^-3) 

s,t(^S: p{s,t)<e xesJo y[fl{B p{x , U / 2)] J 

Another extension is found in Arnold and Imkeller [AI96] . 

(b) Suppose, instead of continuity, that / G L|^^(/i) and 

lim — — - [ f djjL = f{x) for //-almost all x. (^-4) 

e^0+ n{Bp{x,e)) JBp{x,e) 

Then, a straight-forward modification of our proof shows that there is a //-null set such 
that (lAl2]) holds for ah s , t € 5 \ A^. 

(c) This proposition implies various known Poincare inequalities and Besov-Morrey- 
Sobolev embedding theorems in metric spaces. A portion of this assertion in proved in 
Kassmann [Kas03j who uses the inequality of Arnold and Imkeller [AI96] instead of 
ours. Buckley and Koskela |BK96l IBK95j contain some of the recent work on Sobolev 
embedding theory. 
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Proof. Throughout, we choose and fix s,t G S, and fohow the ideas of Garsia |G:72] 
closely. We may, and will, assume without loss of generality that < oo. Otherwise, there 
is nothing to prove because ^'(oo) = oo. 

Define, for any bounded set Q C with fi{Q) > 0, 



Q 



Let ro := p{s,t), and Q-i be the open p-ball centered at s of radius r_i := 2ro, so that 
Bp{s ,r())UBp{t ,ro) C Q^i- Then, define r„ iteratively by p{2rn) = ^p(2r„_i) for all n> 1. 
Notice that as n tends to infinity, both r„ and p{2rn) decrease (by induction) to zero (by 
contradiction: if inf r„ > 0, then p(2inf r„) = ^p(2inf r„), and therefore inf r„ = 0). 
Define Qn ■= Bp{s ,r„) for all n > 0, and apply Jensen's inequality to find that 

V p(2r„_i) J yfi{Qn) ■ niQn^i) Jq„ Jq„_^ P(2r„_i) J 

If x G Qn and y G Qn~i, then p(x , y) < 2r„_i, whence p{p{x , y)) < p(2r„_i). Therefore, 

/ Qn - /Qn-l A ^ ^ 

p{2rn-i) ) - [p{Qn)X 



Equivalently, 



[/^(Qn)]^ 



Because p(2r„) -p(2r„+i) = ip(2r„_i), 

- < 4^-' frT^l W^n) -P{2rn+i)] ■ (A.9) 

V[/^(Qn)] / 

Note that n^]^Q„ = {s}, whence lim„^oo /q„ = /(s) by continuity. Therefore, we can add 
the preceding over all n > 1 to find that 

\fis) - /q_J < 4f;*-i (--^) [p(2r„) -P(2r„+i)] 

° / X (A.io) 

< 4 / ^ p(dn). 

- Jo \[p{Bp{s,u/2))fj'^' 

The same bound holds if we replace s by t throughout. This is because t G Q-i as well. 
Therefore, \f{s) — f{t)\ is bounded above by 

'''^-^ I ^ 1 p{du) + 4 r\-^ ( A p{du). (A.ll) 

We obtain the proposition by recalling merely that ri < ro := p{s ,t). □ 
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Corollary A. 3. Choose and fix two nonrandom compact intervals / C M and J C M, and 
let {v{t , x)}tei^xeJ denote a real-valued stochastic process. Suppose that there exist finite 
constants p > 1, q > 0, and c > such that for all (t ,x) £ I x J and {s ,y) G / x J, 

E{\v{t , x) - v{s , y)\n < c[A{{t , x) ; (s , y))f+''. (A.12) 

Then v has a continuous version v, and for any a E [0 , 

\v{t,x) -v{s,y)\ 



E 



sup 



< oo. (A.13) 



^{t,x)^(s,s,) [^((^a:);(s,y))]"^ 

In particular, there is a non-negative random variable C with E[C] < oo such that a.s., 

\v{t ,x)-v{s,y)\< C[A((t , ; (s , y))]". (A.14) 

Proof. We observe that ()A.12p imples that {t ,x) ^ v{t , x) is continuous in probabihty, 
and therefore, has a measurable version (Dellacherie and Meyer [DM751 Chap. IV, 
Theoreme 30]), which we continue to denote by v. We note that thanks to (|A.12p . v G 
L^^^{dtdx) a.s. 

We apply Proposition lA. II to this version of v with 

S = I X J, p{{t ,x) -,{3 ,y)) = A{{t ,x) -,{3 ,y)), iJ,{dt dx) = dtdx , (A.15) 

and 



Let 



By dAH, 



^{x) = \x\P, ^-\y)=y^/P, = |xr+(^/P). (A.16) 



E[^] < / dtdx [ dsdy [A{{t , x) ; (s , y))]''"^""^ 
Js Js 

< 4|/| I J| / du dv ^ yy-3-»P_ 
Jo Jo 



(A.18) 



We can check readily that the preceding integral is finite using only the fact that a £ [0 , q/p[. 
Therefore, 

E['r] < oo. (A.19) 

Since v G L^^^{dtdx) a.s., and because p > 1, a well-known theorem of Jessen, Marcin- 
kiewicz, and Zygmund implies that the following holds with probability one: 

lim — / / v{a,b)dadb = v{t,x), (A.20) 
e,<5iO 4:66 Jt_^ J^_s 

for almost ah {t,x)elxj. See Khoshenvisan |Kho02[ Theorem 2.2.1, Chapter 2, p. 58]. 
In particular, ()A.4p holds in the present setting. 
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We now take into account Remark IA.2r b). and deduce that for a. a. uj there exists a set 
D{ll!) C S with full Lebesgue measure such that for all (t , x), (s , y) G D{uj), 

\v{t,x){u) -v{s,y){uj)\ 

< 8sup / — — — — ^ ^,"-i+(6/p) (iu. ^ ^ 

One can check directly that there exists a c > such that fi{Bp{{r ,y) ,u/2) > cv? for all 
u > and [r ,y) € S. Therefore, 



.2A((t,x);(s,j/)) 







(A.22) 



= 2"8'^1/P [A((t,x);(s,y))r 

Define 



v{t,x){uj):= limsup v{s ,y){uj). (A. 23) 

Since f (•)(w) is uniformly continuous on D, v{-)((jj) is continuous on D{uj) = 5 and coincides 
with v{-){uj) in D{oj). In addition, by ()A.12p . v{s,y) converges to v{t,x) in LP as 
converges to Therefore, ^(t,^) = a.s. for all G S, and hence is a 

continuous version of v. By ()A.22p . 

{ sup V<2"W (A.24) 

\^(i,,)^f,,j,) [A((t,x);(s,y))]°y - 

Equation (|XT3|) now follows from (|XT9]) . □ 

B Appendix: On Energy Reduction for Smoothed Measures 

The goal of this appendix is to prove precise versions of the statement, "if we smooth a 
measure then we lower its energy." 

Theorem B.l. Let < a < d and be a probability measure onW^. Then for all probability 
density functions g ■.M.'^ ^ M-|_ with compact support, 

Lai9*l^)<LM. (B.l) 

Theorem B.2. Choose and fix n > 1. Then there exists a positive and finite constant 
c — depending only on {d,n) — such that for all probability measures p, on [—n,n]'^ and all 
probability density functions g -.M.'^ ^ with compact support, 

Lo{g*fi)<cLo{fi). (B.2) 

The proof requires some terminology from harmonic analysis. A function k : M.'^ ^ 
M U {oo} is called a potential kernel if: (i) k{x) > for all x ^ 0; (ii) k is continuous 
on M'^ \ {0}; and (iii) k(0) = cxd; k is called of positive type if its Fourier transform k — 
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viewed in the sense of distributions — is a nonnegative function. We choose the fohowing 
normahzation of Fourier transforms: k{^) = f^d exp(i^ • x)k{x) dx for all G and 
K G L^{M!^). 

The following is well known; see for example Kahane jKah68l Remark 2, p. 133]. 

Proposition B.3. If k -.W^ ^ M+ U {co} is a potential kernel of positive type, then for all 
Borel probability measures ji on , 

jj\{x-y)p{dx)p{dy) = j^^j^m)?mdt (B.3) 

First we prove Theorem IB. H it is technically simpler than Theorem IB. 2) and yet affords 
us the chance to discuss the reasons for the veracity of both theorems. 

Proof of Theorem \B.l\ Define k{x) := where 1/0 := oo, to find that k is a potential 

kernel of positive type with k{S) = c||^||~'^"'""; see Stein |S70l Chap.V, §1, Lemma 2(b)], or 
Kahane |Kah681 p. 134], for example. Define v{dx) := {g * fi){dx) and apply Proposition 
IB. 31 with in place of fi to find that 

^o^i9*i^) = Y:^ [ m)\'\m\'mdc. (b.4) 

Because 15(^)1 < 1, another appeal to Proposition IB. 31 completes the proof. □ 

Now we work to prove the more difficult Theorem IB. 21 We define a function p : M."^ —>■ 
M+ U {oo} by 

exp(-llxll) 

P(^^ ■= ||^||d/2 ' (I^-^) 
where p{0) := cc. Define /t : M'^ ^ M+ U {oo} by 

k{x) := {p* p){x) = p{x-y)p{y)dy. (B.6) 



Lemma B.4. The function n is an integrable potential kernel of positive type. 

Proof. Because p{x) > is measurable the convolution is a well-defined nonnegative Borel- 
measurable function on W^. Standard arguments show that k is at least as smooth as p. 
Since p is continuous on \ {0}, then so is k. Because k(0) is manifestly infinite, this 
proves that k is a potential kernel. We may note that ]]k]]i = \\p\W < oo. Therefore, k is 
the L^-form of the Fourier transform of k. Finally, since p is even, p is real-valued, and 
therefore k(^) = \p{£,)\'^ > 0. The lemma follows. □ 

Lemma B.5. Let Nq be as in (jl.Sp . Then there exist positive and finite constants ci and 
C2 — depending only on (d^No) — such that for all x £ B{0 ,Nq/2), 

ciKodlx]]) < k{x) < C2Ko(llxll). (B.7) 
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Proof. Choose and fix x with < ||x|| < Aro/2, and write 

k{x)=Ti + T2 + T3, (B.8) 

where 

Ti := / p{x - y)p{y) dy, 

J\\y\\<nA 

T2-- I p{x-y)p{y)dy, (B.9) 

•^2||a;||<||2/||<10iVo 

Tg := / p{x - y)p{y) dy. 

J\\y\\>WNo 

We estimate each Tj separately. 

It win turn out that the main contribution to k{x) comes from T2. Therefore, we begin 
by bounding that quantity: If 2||a;|| < ||y||, then — y|| < %\\y\\, thus, 



> C 



L 



2 1 

dy 

kl|<||y||<iOAro llyll'^ 



T2>('^ [ I Id/2 p(y)^y 

V^y ^2||x||<iiy|i<ioiv„ \\y\r'^ 



We integrate this in polar coordinates to find that T2 > C2(ln A^o + Because 

TijTs > 0, it follows that k{x) is bounded below by a constant multiple of ln(iVo/||x||). 
This proves half of the lemma. 

For the other half, we note that if 2||a;|| < then ||a; — y\\ > ||y||/2. Therefore, we 
can use an argument, similar to the one we used to bound T2 from below, in order to prove 
that 

T2 < Cs{ln{10No) + ln(l/||x||)), (B.ll) 

and since ||x|| < iVo/2, the right-hand side is bounded above by C4(lniVo + ln(l/||a;||)), 
provided C4 is chosen large enough. 

Next we bound T3. Note that if ||j/|| > lOA^Oj then — y|| > 9No. Consequently, p{x — y) 
is bounded from above, and hence Tg < C4 p{y) dy < 00. 

Finally, we estimate Ti by first writing it as 

Ti = rn+ri2, (B.12) 

where 



:= / ||y||<2|ia^ii ~ y)p^y) ^y^ 

•^||2/-x||>||x||/2 

^^^■■=j M\<nA\ p(^-y)p(y)dy- 



ll2/-^ll<ll^ll/2 
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If \\y — x\\ > ||x||/2, then p{x — y) < 2'^/^||x|| and thus, 

\\y-'A\>\m\/^ 



^ 2'^/^ f dy (B.14) 



<C5. 

The last hne foUows from integrating in polar coordinates. 

In order to estimate the remaining term T12, we note that if ||y|| < 2||x|| and ||y — x|| < 
||x||/2, then ||y|| > ||x||/2, and hence p{y) < 2'^/^||3;||~'^/^. Consequently, 

2d/2 r 

T12 < II II / p{x - y) dy 

' J\\y-x\\<\\x\\/2 

^ 2^1'^ f dz (B.15) 



for the same constant C5 as before. These remarks together prove the lemma. □ 

Now we prove Theorem IB. 2[ 
Proof of Theorem \B.^ Thanks to Lemma IB.5| 

^0(5 < jj K{x-y) v{dy) v{dx), (B.16) 

where u{dx) := {g * fi){x)dx. Because 11^(^)1 = ^ lAlOk Lemma fB. 41 and Propo- 

sition IB. 31 together imply that 

Io{9*^^)<^^ [[ imfmd^ 

ci{2^YJJ 

1 ff ^^-^^^ 
= — J J i^{^-y) Kdx) l^idy). 

Another application of Lemma IB. 51 shows that the latter term is at most {02/ ci)Iq{pl), 
whence follows the theorem with C := C2I c\. □ 

Acknowledgements. Peter Imkeller and Michael Scheutzow shared with us their notes 
on Garsia's lemma and its variants. We thank them both. 
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